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We show that nonlinear multipolar interference allows achieving not only unidirectional, but also
a non-reciprocal nonlinear generation from a nanoelement, with the direction of the nonlinearly
produced light decoupled from that of at least one or several of the excitation beams. Alternatively,
it may allow inhibiting the specified nonlinear response in a nanoelement or in its periodic arrange-
ment by reversing the direction of one of the pumps. The described phenomena exploit the fact
that, contrary to the linear response case, nonlinear magneto-electric interference stems from a com-
bination of additive and multiplicative processes and includes an interference between various terms
within the electric and magnetic partial waves themselves. We demonstrate the introduced concept
numerically using an example of a plasmonic dimer geometry with realistic material parameters.
PACS numbers: 42.65.An, 33.15.Kr, 42.25.Fx, 78.67.Bf, 73.20.Mf
Nonlinear optical antennas have been actively dis-
cussed as a tool for enhancing the efficiency of nonlin-
ear response, while allowing for the polarization and
directionality control of nonlinear generation on the
nanoscale [1–12]. Such efficient interchange between en-
hanced, sub-diffraction localized near field and direc-
tional, nonlinearly generated far field can serve as a key-
stone in applications in optical sensing, integrated op-
tic circuits, or quantum information processing. The
nanoscale nature of the interaction, however, prevents
regular mechanisms such as phase matching from hav-
ing an impact on the directionality of the response. As
a result, the interference between the multipolar modes
produced on scattering by the nanoelement [13–15]–the
process inherent to nanoscale interactions– is at the heart
of the directionality control. Indeed, similar to the linear
response case [16–20], the interference between the non-
linearly produced electric and magnetic dipolar modes
has been discussed theoretically [21] and demonstrated
experimentally [22] to produce a unidirectional nonlin-
ear generation in the microwave regime from deeply sub-
wavelength metamaterial layers. Nonlinear multipolar
response has been also actively discussed in relation to
optical nanoantennas [23–29]. Here, we show that non-
linear multipolar interference can not only, similar to the
linear regime, ensure a unidirectional nonlinear genera-
tion from nanoelements, but also offers capabilities fun-
damentally different from those provided by its linear
counterpart. For example, a single nanoelement, as well
as a metasurface formed by a planar arrangement of such
nonlinear optical antennas, can exhibit a non-reciprocal
nonlinear generation; or ensure a directionally selective
inhibition of the nonlinear response for certain respective
directions of the fundamental beams.
Consider a nanoelement in which a set of electric and
magnetic dipolar modes is induced along the x and y
Cartesian axes, respectively, via some optical response
to radiation incident along z direction, and assume no
other multipoles acquire a significant strength within the
same spectral range. Radiation from such orthogonal,
spatially-superimposed electric and magnetic dipoles re-
sults in the following angular distribution of the Eθ far
field component of the electric field scattered in the xz
(ϕ = 0) plane [30, 31], with angles θ and ϕ in a standard
spherical coordinate:
Eθ|ϕ=0 =
k2
4pi
eikr
r
[
1
ε0
px0 cos θ + ηmy0
]
. (1)
Here, px0 (my0) denotes the amplitude of the x (y)
component of the induced electric (magnetic) dipole,
η ≡
√
µ0/ε0 is the vacuum impedance, with ε0 and µ0
being the permittivity and the permeability of vacuum, r
is the length of the radius-vector directed from the scat-
terer (located at the origin) to the observation point in
the far field, and k is the wavenumber. One can show
Eϕ = 0 in the ϕ = 0 scattering plane, and the radial
component Er falls off in the far field.
As follows from Eq. 1, the radiation from the above
set of dipoles can be interferometrically suppressed in ei-
ther backward (θ = 180o) or forward (θ = 0o) direction
(subject to the optical theorem limitations [14, 15, 30])
when matching the strengths of the electric and magnetic
dipolar modes either with the same or with the oppo-
site signs, respectively (1/ε0px = ±ηmy). Such suppres-
sion can clearly take place independently of whether the
dipolar modes are induced through a linear or through
a nonlinear interaction. In the case of a nonlinear re-
sponse, however, each of the dipolar moments can result
from a sum of several terms [21, 32], the number of terms
being, in general, dependent on the order of the nonlin-
ear process. For the second order response at frequency
ω3 = ω1+ω2, assuming a monochromatic excitation, the
2relations can be written as follows:
p0 (ω3)=
ǫ0√
I
[
η2α
(2)
emm (ω3;ω1, ω2) : H0 (ω1)H0 (ω2)
+ α
(2)
eee (ω3;ω1, ω2) : E0 (ω1)E0 (ω2)
]
+ ǫ0√
I
[
ηα
(2)
eem (ω3;ω1, ω2) : E0 (ω1)H0 (ω2)
+ ηα
(2)
eme (ω3;ω1, ω2) : H0 (ω1)E0 (ω2)
]
, (2a)
m0 (ω3)=
1√
I
[
α
(2)
mem (ω3;ω1, ω2) : E0 (ω1)H0 (ω2)
+α
(2)
mme (ω3;ω1, ω2) : H0 (ω1)E0 (ω2)
]
+ 1√
I
[
1
η
α
(2)
mee (ω3;ω1, ω2) : E0 (ω1)E0 (ω2)
+ηα
(2)
mmm (ω3;ω1, ω2) : H0 (ω1)H0 (ω2)
]
; (2b)
where E0 and H0 are the vector amplitudes of the inci-
dent field, the time-harmonic factor been omitted, I ≡
|E0 (ω1)| |E0 (ω2)|, p0 and m0 are vectors of the non-
linearly induced electric and magnetic dipole moments,
and the double-dot product denotes the summation over
all Cartesian components. The subscripts “e” and “m”
indicate the type (electric or magnetic) of the dipolar
modes participating in the interaction, with the second
and the third subscripts denoting the types of the con-
tributing fundamental modes at ω1 and ω2, respectively,
and the first one the type of the produced dipolar mode
at ω3. We emphasize that, noting a pure electric intrinsic
response in the case of non-magnetic materials assumed
here, the coefficients on the right hand side of Eq. 2 rep-
resent the effective, rather than the intrinsic hyperpolar-
izabilities, with the origin of the nonlinear response be-
ing different for plasmonic or other nanoelements made
of centro-symmetric materials [33–39] versus those pos-
sessing an intrinsic second-order nonlinear response. The
normalization is chosen to keep the single units of [m3]
for all hyperpolarizabilities types, and frequency depen-
dence follows conventional notation [40].
One can think of the various terms entering the right
hand sides of Eqs. 2 and 3 as of different pathways lead-
ing to the certain type (electric or magnetic) of the non-
linear response. Note that the terms in the first and the
second brackets in each of the Eqs. 2(a) and 2(b) com-
prise the sets of the effective hyperpolarizabilities of two
different types, polar and axial [21, 41, 42], respectively.
Consider now a situation where only the first term in
each of the Eqs. 2(a) and 2(b) is non-zero and assume
α
(2)
emm,xyy = ±α
(2)
mem,yxy, with the rest of the Cartesian
components negligible. According to Eq. 2, these terms
share the same pathway through the magnetic field of
the fundamental beam at ω2. As a result, switching the
phase of just the magnetic vector of this fundamental
wave (an event occurring on reversing the propagation di-
rection of that beam) will produce a simultaneous phase
change in both (nonlinearly generated) electric and mag-
netic dipolar modes. This results in a simultaneous sign
change before both terms in Eq. 1. According to that
equation, the direction of the interferometric suppression
and doubling of the nonlinearly generated field will be
then preserved with respect to a fixed laboratory coor-
dinate system, making the generation ”non-reciprocal”
with respect to the direction of that fundamental wave.
This scenario is qualitatively different from linear scat-
tering, where the pathways are always different for elec-
tric and magnetic responses, hence reversing the direc-
tion of incidence necessarily switches the directions of in-
terferometric suppression and doubling of the scattered
field [30, 43].
A similar non-reciprocity in the nonlinear response will
occur for any other combination of the effective nonlin-
ear susceptibilities of a similar strength that share the
same, either electric or magnetic, pathway (e.g., the con-
dition α(2)eem,xxy = α
(2)
mee,yxx, with the rest of hyperpolariz-
abilities negligible, ensures preservation of generation di-
rection when reversing the fundamental wave at ω1). The
non-reciprocity with respect to all fundamental waves
at once, however, requires the equality of hyperpolar-
izabilities belonging to different symmetry groups (e.g.,
α
(2)
emm = α
(2)
mmm ), and thus would be forbidden in elements
of a single group symmetry. The principle can be ex-
tended to higher-order nonlinear processes, as well as to
higher order multipolar modes.
While an option of such a non-reciprocity in the direc-
tion of nonlinear generation is unique by itself and can be
employed in a variety of applications, manifestation of ef-
fective electromagnetic hyperpolarizabilities and nonlin-
ear magneto-electric interference can result in other phe-
nomena unavailable with natural nonlinear media. Each
(electric or magnetic) mode by itself can result from the
interference effects between the various terms entering
the right hand sides of Eqs. 2(a) and 2(b). Note that the
terms within a single symmetry group in either electric or
magnetic mode (terms in each square brackets) necessar-
ily depend on the different types of the fundamental field
vector of a given frequency. Consequently, reversing the
direction of one of the fundamental waves will produce a
sign change before only one of the two interfering terms
in each bracket and the nonlinear dipolar responses will
be different for co- and counter-propagating pumps. Fur-
ther, if, for example, a geometry/spectral position can be
found ensuring the equality of all the terms within one of
the symmetry groups (e.g., α(2)eee = α
(2)
emm = α
(2)
mem = α
(2)
mme,
with the rest terms zero), the nonlinear generation will
be, according to Eq. 1, unidirectional for co-propagating
pumps, but inhibited for counter-propagating pumps.
To verify the feasibility of observing the above phenom-
ena with physical nanoelements, we consider the process
of difference frequency generation (DFG) in plasmonic
dimers formed by two silver strips separated by a thin
layer of dielectric (Fig. 1(a)). The choice of the nonlin-
ear process is aimed at ensuring that the nanoelement is
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FIG. 1. (a) The four pump arrangements used in Fig. 2.
Dimer geometry: 120x120x35 nm silver [44] strips with the
11 nm thick BBO [45] spacer; χ
(2)
xxx = 2.3 pm/V [46]. (b)
Real (solid) and imaginary (dashed) parts of the retrieved
linear electric (αexx) and magnetic (α
m
yy) dipolar and the elec-
tric quadrupolar (αq,xz) polarizabilities; λ1 and λ2 indicate
the wavelengths used to produce the DFG response at λ3 in
(c) and (d). (c) Retrieved real (solid) and imaginary (dashed)
parts of the effective hyperpolarizabilities. (d) Directionality
D attains peak in the negative z direction at 1.9 µm, where
α
(2)
emm = −α
(2)
mem with the rest of the hyperpolarizabilities be-
ing negligible, demonstrating a strongly directional and non-
reciprocal, with respect to the pump at ω2, nonlinear genera-
tion. A small difference between the forward ((i),(iii)) and the
reverse ((ii), (iv)) excitations is due to the nonzero αeee term
which does not share the same “pathway” through the mag-
netic field of the wave at ω2 with the α
(2)
emm and α
(2)
mem terms;
hence, it changes sign differently when reversing that pump
direction, modifying the resulting electric and magnetic dipo-
lar modes (Eq. 2). Finite elements method incorporated in
COMSOL Multiphysics software package (www.comsol.com)
is used for the numerical analysis.
small compared to the nonlinearly generated wavelength,
to minimize the manifestation of higher order multipoles
in the nonlinearly generated field. Our preliminary hy-
drodynamic model [33, 37–39] analysis has shown that
the main contribution to the second-order nonlinear re-
sponse in such a geometry results from the nonlinearity
of the spacer material, in line with the recent results on
the third order response in similar structures [47]. The
nonlinear response due to the metal has therefore been
neglected in further analysis. Furthermore, the simu-
lations have shown that the major contribution to the
nonlinear response comes from the χ
(2)
xxx component of
the intrinsic second-order nonlinear susceptibility tensor,
with other tensor components producing a negligible im-
pact even though accounted for. This is expected due to
the dominance (up to two orders of magnitude) of the
local fundamental electric field component orthogonal to
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FIG. 2. (a) Geometry cross section shown in (c). (b) Non-
linearly generated far field for the four pump arrangements
from Fig. 1(a) at λ3 = 1.9 µm where the only non-negligible
hyperpolarizabilities are α
(2)
emm = −α
(2)
mem. Due to sharing the
same “pathway” through the magnetic field of the pump at
ω2 (Eq. 2), both (nonlinearly induced) electric and magnetic
dipolar modes change sign simultaneously on reversing the di-
rection of the magnetic field vector of the fundamental wave
at ω2 (sets (ii) and (iii)); while no change, compared to (i), oc-
curs in (iv). According to Eq. 1, the direction of the nonlinear
generation is thus preserved in all four arrangements. Some
difference between the forward and the reverse excitations is
due to the small nonzero α
(2)
eee term. (c) Dominant compo-
nent of the nonlinear polarization within the spacer layer at
1.9 µm, for the same four pump arrangements. Although the
direction of nonlinear generation is preserved with all four ar-
rangements, the induced nonlinear polarization is of the op-
posite sign in both the (ii) and the (iii) sets, with respect to
that in (i) and (iv), following the phase of the magnetic vector
of the fundamental wave at ω2, even though purely electric
intrinsic second-order susceptibility is assumed. Location of
Ag stripes in shown schematically for clarity.
the spacer layer within the spacer volume [30, 43]. We
thus choose the χ
(2)
iii tensor component of the BBO spacer
to be along the x axis.
Linear polarizabilities for the dimer geometry of
Fig. 1(a), retrieved using our previously developed pro-
cedure [43], are shown in Fig. 1(b). The same procedure
can be used to identify the dipolar and quadrupolar par-
tial waves in the nonlinearly generated field. One can re-
peat the procedure for four combinations of fundamental
beams directions [48], arriving at the set of expressions
for the effective nonlinear polarizabilities of the following
form:
α
(2)
emm,xyy =
0.25
ǫ0
√
I
(
p+,+3x − p
+,−
3x − p
−,+
3x + p
−,−
3x
)
, (3a)
α
(2)
mem,yxy =
η
4
√
I
(
m+,+3y −m
+,−
3y +m
−,+
3y −m
−,−
3y
)
, (3b)
with similar expressions holding for the rest of the eight
hyperpolarizabilities entering Eq. (2) [48]. In Eq. 3, the
p+,−3x (m
+,−
3y ) and similar terms indicate the amplitude of
the x (y) component of the electric (magnetic) dipolar
mode generated at frequency ω3 retrieved for a certain
4combination of forward (“ + ”) and reverse (“ − ”) di-
rections of the fundamental beams. The first (second)
superscript refers to the direction of the wave at ω1 (ω2).
The resulting hyperpolarizabilities obtained when plac-
ing the frequency ω2 at the ”magnetic” resonance peak,
while sweeping ω1 (Fig. 1(b)), are presented in Fig. 1(c).
We verified the accuracy of both linear and nonlinear re-
trievals by ensuring a very good agreement between the
numerical and the analytical far field angular distribu-
tions (the latter obtained using the retrieved dipolar and
quadrupolar amplitudes) [48]. Note that, although al-
lowed in the retrieval, all axial hyperpolarizabilities van-
ish nearly identically, indicating the predominant polar
nature of the dimer geometry.
As seen in Fig.1(c), α(2)emm = −α
(2)
mem and the rest of the
hyperpolarizabilities are either identically zero or neg-
ligible near 1.9 µm, reproducing precisely the situation
discussed earlier. Assuming the beam at ω1 propagating
in the positive z direction (Fig. 1(a)), one can expect the
nonlinear generation near 1.9 µm to be interferometri-
cally suppressed in a hemisphere encompassing the nega-
tive z semi-axis, independently of the (forward or reverse)
direction of the beam at ω2.
The analysis of the nonlinearly generated far
field confirms the above prediction (Figs. 1(d)
and 2(b)), with the directionality ratio D ≡
20 log10
(∣∣EFar3 ∣∣ |θ=0o / ∣∣EFar3 ∣∣ |θ=180o) attaining the
(negative) 26 dB peak at 1.9 µm for all four pump
arrangements shown Fig. 1(a). Note that due to the
placement of one of the pumps nearly precisely at
the “magnetic” resonance peak where the real part of
the linear magnetic dipolar (as well as of the electric
quadrupolar) polarizability almost vanishes, the real
parts of the hyperpolarizabilities are negligible near
1.9 µm, and it is matching their imaginary parts that
ensures the unidirectionality of the nonlinear generation.
While matching the imaginary parts with the opposite
signs is not surprising noting the presence of (nonlinear)
gain, it is worth noting that the limitation on backscat-
tering imposed by the optical theorem can be thus lifted
in the process of nonlinear generation, similar to the
linear response case in the presence of gain [15, 49].
Also, we find that for the dimer geometry the generation
direction is independent overall from the direction of
the fundamental beam at ω2 within the xz plane, due
to the dominance of the local fundamental electric field
component normal to the spacer layer for all dimer
orientations within the xz plane [30], except for some
variation in the nonlinear efficiency for excitation at an
angle with respect to the z axis. The latter assumes a
similar non-reciprocity when using not only plane wave,
but also line current sources.
Shown in Fig. 2(c) is the x component of the nonlin-
ear polarization Px(ω3) ≡ const · χ
(2)
xij : Ei(ω1)Ej(ω2)
(i, j standing for x, y, z), induced at 1.9 µm. Due to the
placement of ω2 at the “magnetic” resonance where the
electric dipolar mode is weak, the phase of the majority
of the local fundamental electric field Ei(ω2), and hence
the sign of the nonlinear polarization, follow that of the
magnetic vector of the incident field of the pump wave at
ω2. As a result, the induced intrinsic nonlinear polariza-
tion is of the opposite phase in either of the sets (ii) and
(iii), with respect to that in (i) and (iv). This, in turn,
transfers to the simultaneously negative phases of the
nonlinearly induced electric and magnetic dipolar modes
(both related to the volume integral of the intrinsic po-
larization [50, 51]) in either (ii) or (iii) cases, and thus,
as discussed earlier, to the preserved direction of energy
generation in all (i)-(iv) sets. The situation is similar to
the “negative index” media where the direction of energy
propagation is preserved when reversing simultaneously
the phase velocities of both the electric and the magnetic
partial waves [52–54], only here the simultaneous phase
reversal is achieved through a nonlinear interaction.
In conclusion, we have shown that the involvement of
multiplicative processes in nonlinear multipole interfer-
ence allows achieving not only directional, but also non-
reciprocal (with respect to the direction of one or sev-
eral pump beams) nonlinear generation from nanoscale
objects. We developed the procedure for the retrieval
of nonlinear magneto-electric polarizabilities and demon-
strated numerically that the described phenomena can
be achieved in the optical frequency range using a dimer
geometry with realistic materials parameters. The geom-
etry is not unique and can be optimized further for fabri-
cation purposes. We predicted that interference between
various hyperpolarisability terms within nonlinearly gen-
erated multipolar modes themselves can allow inhibiting
a certain nonlinear process in a subwavelength unit de-
signed to have the same strength of all symmetry-allowed
types of its hyperpolarizabilities, while reversing the di-
rection of one of the pumps would switch it back on.
The latter phenomena might be especially useful in the
radio frequency range where nonlinear response can be
strong but is often undesirable in applications. In addi-
tion to the manifestation of multipolar responses of oppo-
site parities but of comparable strengths, the described
phenomena require a certain relation between various hy-
perpolarizability terms within each (nonlinearly gener-
ated) multipolar mode, and thus are not expected to be
available in natural nonlinear media, but can be achieved
via the effective nonlinear multipolar response of nanos-
tructures. Combined with strong enhancements of the
nonlinear response offered by plasmonic metasurfaces,
the described phenomena can serve as a keystone in a
variety of applications in integrated optics and photon-
ics.
The Authors would like to thank Sergey Tretyakov for
the detailed discussion of bi-anisotropy in the linear re-
sponse case.
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